GEOMETRY OF HIGHER DIMENSIONAL BLACK HOLES 



BERNADETTE LESSEL 

Abstract. This article investigates higher dimensional vacuum solutions of the Einstein equa- 
tions. Generalizations of the definitions of spherical and axial symmetry to higher dimensions 
are discussed before analyzing specific solutions bearing one of these symmetries. The effective 
motions of the Tangherlini metric are calculated and its Kruskal continuation is derived. Also 
the Myers-Perry metric is analyzed with respect to its causal and horizontal structure. 



1. Introduction 

The fact that there are only three dimensions of space is an assumption about nature that was 
imphcitly implemented in physical theories. By now we have no deeper theory wich determines the 
dimensionality of spacetime. So it is reasonable to investigate the question which special features 
the dimension 3-1-1 has by means of the theories we assume to be true. This article is an attempt 
to contribute to this question by studying higher dimensional General Relativity. 

The first one who thought about studying higher dimensional vacuum solutions of the Einstein 
equations for this reason was Tangherlini in the 1960's |Tan63) where he found the unique static 
and spherical symmetric solution for arbitrary spactime dimension, now called Tangherlini metric. 
In 1986 Myers and Perry found a new family of solutions |MP86| which describe rotating black 
holes in higher dimensional spacetimes and can be considered as a generalization of the Tangherlini 
metric to the non static case. Progress ist also recently made by Emparan, Reall et al [EMTOlj . 
|ER02] ■ jER06| . [EROSj who among other things showed that axial symmetric vacuum solutions 
need not to be unique in spacetime-dimension higher than four. 

Some people see additional motivation for studying this topic by hoping to find possible factors 
of a higher dimensional solution of Superstring theory. 

This article is organized as follows: The first section establishes the notions for arbitrary- 
dimensional generalization of the four dimensional spherical and axial symmetry. The following 
two sections analyze solutions of this kind of symmetry. Section two investigates the Tangherlini 
metric which can be seen as an arbitrary-dimensional generalization of the Schwarzschild metric. 
For this metric the effective potential is calculated and snapshots of numerical simulations of 
it were added. Furthermore, a Kruskal continuation for this metric is derived. It can be seen 
that for spherical symmetry the unique solution behaves quite simmilarly in every dimension. 
The appendix of the paper derives the Ricci fiatness of the Tangherlini metric, which apparently 
cannot be found in the literature by now. Section two investigates the (non-unique) axisymmetric 
case. To understand the issue properly, we begin with the four-dimensional case, namely the Kerr 
metric, and recall its causal structure. After this its generalization, the Myers-Perry solutions, are 
discussed in detail especially its horizon and causality structure. At first we describe rotation in 
just one plane, then we proceed with rotation in every possible direction. We close the paper with 
a discussion of the horizon functions where we relate the different horizon generating functions of 
the different metrics with each other and find out that they have a suprisingly simple mathematical 
form, namely that they are "similar" to polynomials. 
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2. Spacetime symmetries 

Convenient spacetime symmetries for General Relativity are the spherical and axial symmetry. 
The famous Schwarzschild and Kerr solution of the Einstein equation 

Ric - ii? • g = T, 

either bear one of these symmetries. A natural question ist thus, how to formulate these symmetries 
for higher dimensional spacetimes. This is what will be tackled in this section. Before that, we 
will lay our eyes on two other notions, which are also very important. Namely the stationary and 
the static spacetime. For this, let in the whole section (M, g) be a Lorentz manifold with signature 

(-,+,-,+)• 

Definition 1. (M,g) will be called 

1) stationary, if there exists a timelike Killingvector K on M. 

2) static, if it is stationary and K-^ is integrable. 

Remark 1. 

• With Frobenius' Theorem a Lorentz manifold is static if and only if for u it holds 
u A du = 0. 

• To every point of a static manifold there exist an open neighbourhood with coordinates 
{{t,x^)} in which the metric takes the form 

g = gao{x)dt dt + gij {x)dx'^ dx-' , 

where g^Q — g{K, K). For a proof of this statement see |Str04| . 

We will now focus our attention on the spherical symmetry. At first we will consider this notion 
at the familiar level of four dimensions. 

Definition 2. A four- dimensional Lorentz manifold (M,g) is called spherical, if there exists a 
group action La '■ M — > M , A £ S0(3), of S0(3) onto the manifold M , such that L\g = g 
yA G S0(3) and every orbit is a two-dimensional spacelike surface. 

In what follows we consider a static spherical symmetric manifold with a unique Killingvector. 
The additional assumptions allow the formulation of the following statement. 

Lemma 1. Let {M,g) be a manifold with the above assumptions. Then locally the metric g can 
be written as 

g = -e^^^Ut ®dt + e^^'^^'Ur dr + r^gs2 , 
where t G M, r G (i?, oo), R G and gg2 the Riemann metric on the sphere. 

For a proof of this see again |Str04j . It is a well known theorem by BirkhofF that says that every 
spherical symmetric manifold is automatically static. 

We are now prepared for the definition of a static and spherical symmetric arbitrary-dimensional 
Lorentz manifold, since we use for this generalization the result of Lemma [T] 

Definition 3. We call a d-\-l- dimensional Lorentz manifold (M, g) static and spherical symmetric, 
if locally g can be written in the form 

g = -e^'^^^'Ut ®dt + e^^^^'^dr (E) dr + r^gs^-^ , 

where 55^-2 is the Riemann metric of the d — 2-sphere. 

Remark 2. 

• The Riemann metric gs^ of the n-sphere with radius 1 is of the shape 

n /fc-1 \ 

9S" = X! II ^^"^^ '^^'^ 
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for n Cz N and where {Xi}j * ~ l,...,n, are the n- dimensional spherical coordinates. Put 
thereby for the empty product Y[s=i ^^^^ := 1- In particular for ggi it holds 

gs2 — d9 Ad9 + sin^ 9 dip A dip, 

for 9 = xi, ^ = X2- 

• It is supposed to hold that the above metric bears the most general shape of a metric on a 
d -\- 1-dimensional stationary manifold allowing SO{d — 1) as isometriegroup. Anyway, a 
proof is not known to the author. 

We will now have a look at how axial symmetry can be generalized to arbitrary dimensional 
spacetimes. 

Definition 4. {M,g) is called stationary and axial symmetric, if the group M x U(l)'*^^ acts 
isometrically, in a way that the orbits of the action of U(l)'^^^ are spacelike. Additionally it is 
required that the Killingfield belongig to the action of M is asymptotically timelike. 

Remark 3. 

• Ford = 3, {M,g) is stationary and axial symmetric z/f MxU(l) acts isometrically. Because 
of 17(1) = S0{2) the previously given definition is indeed a generalization of the fourdi- 
mensional axial symmetry. Graphically spoken, in our generalized definition we don't just 
consider one rotation around one axis, but d — 2 rotations around spacelike hypersurfaces 
of codimension 2. 

• It is also possible to generalize the fourdimensional axial symmetry in a way that is de- 
manded that the group SO{d — 1) acts isometrically in such a way, in that the orbits are 
spacelike {d — 2) -dimensional spheres. But for the extraction of solutions to the Einstein 
equation the above given definition is more practicable. 

• Our definition of higher dimensional axial symmetry however has one limitation. Namely 
only in dimensions 4 and 5 there exist axial symmetric manifolds which are asymptoti- 
cally the Minkowskispace (that means, which are asymptotically fiat) and in this sense are 
physically significant. 

The following theorem of T. Harmark supplies a canonical form of the metric of a stationary 
axial symmetric manifold. 

Theorem 1 (Harmark, 2004 [Har04j ). Let {M,g) be Ricci-flat and let Vi, i ^ 1, ...,d- 1, fee d- 1 

commuting Killinfields, which fulfill the condition 

Bp A A ... A e^^_i (jJRic(yi), V^^ , Vf,^_^) = 'ii,p,^lj = 1, 1, 

then there exists a coordinate system (x^, ...,x'^~^,r,z), such that it holds Vi = and in which g 
has the form 

d-l 

g^ Yj '^y^^' ® + e^^dr^ +dz^). 

Thereby r = y^\det(Gij)\, det{Gij) ^ const, and Gij — Gij{r,z), v — v{r,z). This form of the 
metric is called canonical form or generalized Weyl-Papapetrou-Form. 

Remark 4. 

• On stationary and axial symmetric manifolds the group R x U(l)'*^^ acts per definition 
isometrically. Because of this action d — 1 commuting Killingfields are given. 

• In components, the condition of the prior theorem reads 

v^mclpv,^' ^ • ... • i^rr^' = yt,p,p, = i,...,d~i. 

• One can reason that solutions of the Einstein equation which are asymptotically the 4- 
or b-dimensional Minkowskispace, always satisfy the conditions of the prior theorem. For 
d — 3 these conditions are always satisfied. See again [Har04) for a justification of these 
statements. 
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• For = 3 and Gn = -e^*^, G12 = -e^^A anrf G22 = e^'^'^ {r'^ - A^e'^^) in the coordinates 
— t and — 4> one gets the well-known Papapetrou-Form 

which serves as an ansatz for the Kerr metric. 

3. Spherical symmetry: The Tangherlini metric 

In 1963 Tangherlini found in [Tan63] a generahzation of the Schwarzschild metric in such a way 
that the dimensionality d + 1 of spactime is arbitrary: 

(3.1) gT := - f 1 - -7^) dt^ + , ^ ^ . dr^ + r'gs.-i, 



I- 



.d-2 , 



where fj, describes the mass-parameter ii — jj^y0-^7 in which i^d-i denotes the volume of the 
(d — l)-dimensional unit sphere and M the mass of the gravitating object in the far field. Setting 
d = 3 yields the Schwarzschild metric. We assume that /i and r are strictly positive. After 
comparing with definition |3] we see that gr is stationary and axial symmetric for r''^^ > /i. We 
want to call the hypersurface {r'^~'^ = /i} Tangherlini sphere, which is given as the set of roots of the 
function At := 1 — and which generalizes the Schwarzschild sphere. Because the latter carries 
the properties of an event horizon, we want to call At horizon function. Also, the Tangherlini 
metric is asymptotically fiat. It is shown, IBir23| that the theorem of Birkhoff is independent of 
the dimension of spacetime. That means that every stationary and spherical symmetric solution 
of the Einstein equation in (d + l)-dimension belongs to the family of the Tangherlini metrics. A 
proof of gT actually being a solution of the Einstein equation is given in the appendix. 

3.1. Effective motions in Tangherlini spacetime. Consider now a timelike geodesic 7(5) = 
{t{s),r{s),xi{s), ...,Xd-2{s)) with r > r'^^'^ for all s S K. We use the equivalence of the geodesic 
equation with the Euler-Lagrange equation ^ = ^ , with the lagrangian 



(1 - ^ 

r'^ Xi' + sin^ XiX2^ + •■• + II ^^'^^ XsXd-2 



d-3 

2 



\ s=l / 

The dot ' refers to differentiation with respect to the proper time s. We consider plane motions 
that means Xi = f for alH > 1, s € M. The fact that dt and d^^ are Killingvectors is equivalent 
to t and xi being cyclic. It thus holds 

dL f ti \ ■ 

—Ql = (1 - j ^ = const. -: S 

dC ^ . 

— = Xi — const. —: L. 
0X1 

If we plug these equations into 2£ = — 1 (we consider timelike motions), the following equation 
reveals: 

In 1 , i2 



^1 ^d^2 ) (1 <f.d-2^ 



r 



2 



Tranforming this equation one gets the equation for the energy of the system 
(3.2) E^^r^ + V{r), 

with effective potential 
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Considering lightlike motions that means 2£ — 0, one gains by means of analogous calculations 
equation 13.21 for the energy of the system with effective potential 



The values of V{r) converge to — oo, if r ^ 0, and to 1, if r — oo. We now want to find out, 
how this potential behaves in between. For the existence of extremals we have to find roots of the 
derivative: 

(3-3) ^^W^'— + 7d+r+ ^d-i ^0 



(3.4) ^ r'-2_iA^,2_f^^Q 

^ ' 2i2 2 



For a criterion, if the extremals are local minima or maxima, we analyze the second derivative of 
F(r): 

6L^ d{d+l)L^^i (d-2)(rf-l)M > ^ 
(3-5) dP^^^"^^ "74 —2 + -a ^ 



(3.6) ^ ^^,_,_id^2)id-l)j^ did^ 

6 6 



We will now focus on the cases d — Z and d = 4. Let's start with d — 3. Equation p.4p is solved 

by 

r = ±L 




Because L^JL^ / jj? — 3 < both solutions are indeed positive. And since there exist exactly 

two extremals because of the given asymptotics of the potential, they have to be one minimum 
and one maximum, where the minimum is taken at a higher value of r than the maximum. We 
see furthermore that for < \/3 no extremals exist and also no closed orbits. In particular every 
particle with < 1 moves with increasing velocity onto the Schwarzschild sphere. 



Let now be d = 4. In this case (|3.4p is solved by 



1-^ 



Because we only want to consider positive values of r, only the positive root is of interest here. 
Is d = 4, inequality p.6p is equivalent to (l — — |/i ^ and we see that r = ^fj-^nr- for 



> fj, is a local maximum. Is < /i, no extremals exist and again, a particle with energy < 1 
would move with increasing velocity onto the Tangherlini sphere. In particular, local minimal do 
not exist for whatever values of L and /i, what means that no stable bounded orbits exist. The 
conjecture is that only for d — 3 there exist stable circular orbits. In Figure [T] the function y^V{r) 
is pictured for different values of the angular momentum L in dimensions d = 3, 4, 5 with /i = 1. 



. We now derive the differential equation for the plane motion r(</?). First of all it holds r = r'ip 

dr r_ 

dip 



r'-^ because of r' := ^ = ^ and L = r^xi- Plugging this into the energy equation -P' + V{r) — E^ , 



one obtains 



r-^ = E^-Vir). 



Next, we perform the change of coordinates u = 1/r. With this, it holds r' — and therefore 
L^u'^ = E^ - {1- fm'^-^){l + L^u^) ^E^ -I- L^u^ + fxu'^-^ + ijlL^u'^ 



7-2 /2 I r2 2 T7i2 1 I d— 2 , 7- 2 d 

L u + L ti = E — 1 + flu + iiL u 




Figure 1. For /i = 1 the function \/V{r) is plotted, for different values of the 
angular momentum L in the dimensions d = 3, 4, 5. 
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Differentiating this expression with respect to (/s, one obtains 

2u'u" + 2uu' = '^^—^u'u^-^ + dtiu'u'-~\ 

It follows that either v! = 0, which is equivalent to r = const, and therefore corresponds to circular 
motion, or u behaves corresponding to the equation 

For d = 3 and fi = 2m the solution of this orbital equation is a modification of the Kepler ellipse 
= -21(1 + eco&ip) with eccentricity e: 

TO 3to"^ / 
u{ip) — (1 + e cos yj) + -jj- I 1 + ^ '^os 2iy9 + e(y9 sm (p 

If one plugs in u' = into equation (★), one obtains the circular orbits dependence of the 
existence from the energy E and the angular momentum L of a tcstparticlc at the point u: 

d , ^ d-2 2 I- E"^ 
u + T^u -u = -5—. 

Even in dimensions d + 1 = 4 and d + 1 = 5 the solutions are quite complicated expressions and 
are therefore omitted here. But in principle they are easy to calculate. 

Remark 5. For another approach calculating the effective orbital potential of the Tangherlini 
metric see |Tan63) . p. 645. 

3.2. The Kruskal continuation of the TangherHni spacetime. In this subsection we want 
to see that the Tangherlini metric possesses a continuation on r"^^^ < ^. This will be a generaliza- 
tion of the known Kruskal continuation of the Schwarzschild metric. The associated calculations 
generalize those of |Str04| . At first we observe that space and time switch their role at r"*^^ = /i. 
Namely it holds 

This means for r > ''^^/JI, dt is timelike and dr is spacelike. For r < '^-^fji however dt is spacelike 
and dr is timelike. Furthermore it is known that in four spacetime dimensions a testparticle takes 
infinitely long coordinate time t to reach the sphere r''^^ — fi, whereas it only needs finite proper 
time. This indicates that the coordinates t and r are not adequate for the physical circumstances 
at r = "^"y//^- Therefore we try to introduce new coordinates (u, v) which are more appropriate to 
the geometry. We get a hint how to do this by looking at the description of the behaviour of the 
lightcones. Consider a light cone in radial direction, the Schwarzschild metric yields a description 
of this motion by 



dt 

If r ^ '^^■^/JI, the opening angle of the light cone becomes infinitesimally small, which means that 
a test particle in this inertial system gets accelerated to the velocity of light when moving to the 
sphere r = '^^\fp'- The following Ansatz for the metric in the new coordinates (u, v) therefore 
seems to be appropriate: 

(3.7) gr = —p{u, v){dv (g) dw — du du) + r'^g^d-i. 

It now holds (du/dv)'^ — 1, for ^ 0, this means constant opening angles of the light cones for 
radial movements. Thus, we are looking for a coordinate transformation h : (r, t) 1— >■ (m, v) under 
which the Tangherlini metric behaves like 

h* [-f[u,v)[dv (g) dw - du®du)) = - [l dt dt + - — ^—p—dr (g) dr. 
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for a.n f — f{u, v) with {h* f Y ^ aX r — ''"-^//I- In components this equation reads 








dr 

du du 
dt dr 

To simplify calculations, we introduce a new radial coordinate r* := r + /iln (y^—^ 1^ a-nd a 

function F{r*) ^ (l - -^), where / h* f . 

We assumed that it is possible to find a coordinate transformation which behaves like h* f = 
h* f{r). With this, the above equations take the following form: 

2 



(3.8) F{r* 



dv\ / du 

m) ^ \ dt 

dv \ ^ / du 
dr* J \ dr* 



(3.9) -Fir*) = 

. , du du dv dv 

^ ' ' 'dt "d^ ^ dt' d^' 

Taking skillfull linear combinations, namely (|3.8p + (|3.9p ± 2 • (|3.10[) . we obtain 

dv dv \ ^ ( du du^ ^ 



dt dr* ) \dt dr 

dv dv \ ^ ( du du^ ^ 



dt dr* ) \dt dr* 

Taking the square root out of both equations and choosing the positive sign of the root for the 
first equation and the negative sign for the second equation leads to the result that the Jacobi- 
Determinant doesn't vanish. We now get 

dv du dv du 
dt dr* ' dr* dt 

Differentiating the first equation with respect to r* and the second equation with respect to t, one 
can deduce the following wave equation: 



d'^u d'^u d'^v d'^v 



dt^ dr*^ ' dt^ 9r-*2 



The most general solution is 



V = hir* +t)+ g{r* - t) 
u = h{r* + t) — g{r* — t). 

We now plug in these expressions for u and v into the equations (|3.8p to (|3.10p . At first we discover 
that equation (|3.10p is fuUfiUed identically and thus leads to no new condition. Equations (13. Sp and 
(p^Q]) on the other hand provide the condition F(r*) = {h' -g'f-{h' +g'f = -{h' +g'f + {h' -g'f , 
which leads to the following identity for F{r*): 

F{r*) = -Ah'{r* + t)g'{r* - t). 

Differentiating this expression, once with respect to r* and once with respect to t, we get 

(3.11) F'[r*) = -A{h"g' + h'g") 

(3.12) = -A{h"g' ~h'g"). 
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For now, we assume r > In this case is holds F{r*) > and from p.lip and (|3.12p we can 

deduce the equations 

F'{r*) _ h"{r*+t) g"{r*-t) 
F{r*) ~ h'{r* +t) ^ g'{r* - t) 
h"{r*+t) g"{r*-t) 







And with this 



h'{r*+t) g'{r*-t) 
F'{r*) _^h"{r*+t) 



F{r*) h'{r*+t)' 
which is equivalent to 

(3.13) (ln-F(r*))' = 2{\nh')' [r* + t). 

In this formula, both sides have to be equal to the same constant, which we will call 2?7. With 
the choice of the integration constant c for the left hand side as c = In 77^, it follows lnF(r*) = 
2rjr* +h\rf', what means that F{r*) — ry^ exp(27yr*). Defining y -.— r* +t and choosing In | as the 
integration constant of the right hand side that means In/i' = rjy + ln^, it holds ft,' = ^ cxp(r72;) 
and therefore, h = ^ exp{riy). 

By means of formula (|3.12p it is now also possible to find an expression for g{y). Namely because 
of h" = (^e™) it holds 

n"(v) n"(v\ 

0=^-^^^^^^ ^ ^9\V) ^ 9'{y) - Ce^. 

Jew g'{y) g'[y) 

Choosing C = — we obtain the foUwing expressions: 

(3.14) g(y)^Ae^v^ h{y) = iexp(w), F{r*) ^ rj^ exp{2rjr*). 
With this we can now determine u and v: 

u = h{r* +t)- g{r* - t) = ie''(r* + t) + ig''^'^*-*) = e""^* cosh(?7i) = e"(''+^'"('^"^)) cosh(77t), 
that means 

— 1 ) cosh(?7t). 
\ M / 

Analogously it holds 



1 1 



V = /i(r*+t)+.g(r*-t) = -£"('■'+*) --e''(''*-*)=e'"'*sinh(?7t) 



and thus 

— 1 ) sinh(77i). 



Furthermore, with the expression for F{r*) from (|3.14p it holds 



f = 



d-2 



1 



g 2»;r M fJ_ 



2 ^^^-2 / \2m>) 



r 



and with this 



\ l-2u)) 
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Now, T] is chosen so that f^^Oatr— That means V — j^- It follows 



The generalized Kruskal transformation is thus given by 



e 1^ . 



rd-2 



- 1 e''/2^cosh , 
H J \2fi 



l]e'-/2^sinhf 



and in these coordinates the Tangherlini metric has the form p.7p with 



r/fj, 



To derive equation p.l3p . we made the assumption that r > '^^■^/Ji. Hence we only found a 
coordinate transformation so far, but no continuation for r < ''^^/JI. However, is also defined 
for < r < ''-^//i- To see this, we first consider the following equations: 



(3.15) 
(3.16) 



1 



tanh ■ 



2n' 



And equation (|3.15p says that those 



The region r > ''^■^/Ji corresponds to the region u > 
points of the (t, r)-plane, where r — const, correspond to hyperbolas of the (m, u)-plane (see figure 
[Don page nop. For r -> ''"-^//I, the hyperbolas cling more and more to the bisecting lines, because 
in this limit it holds = v'^. Because of p.l6p the lines t = const, correspond to the lines through 
the origin. For t ±oo it holds tanh — ±1. This limit coincides with {r ~ 2m}. The metric is 



not defined on the hyperbolas v 



1, because these points correspond to r = 0. Is however 



v'^ —u'^ < 1, that is < r < ''-^//I, then the right hand side of p.isp is monotonely increasing and 
therefore r is a well-defined function of u and v. This is why cannot be singular at these points. 

The essence of the Kruskal transformation is therefore in particular qualitatively the same in 
every dimension. Altogether one can say that the assumption of a static spherical symmetry is 
very strong and restrictive which is why we couldn't observe dimension-dependent behaviour in 
the hole section. This is very different from axial symmetry. 




Figure 2. The niveaulines t = const, and r = const, in the Kruskal plane. 
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4. Axial symmetry: The Myers-Perry metric 

4.1. The Kerr metric. Before considering the Myers-Perry metric, which is a family of high- 
erdimensional axial symmetric solutions of the vacuum equation, let us have a brief look at its 
fourdimensional counterpart, the Kerr metric. From it, we want to see some crucial features, 
which lay a fundament of what features are to be watched out for in the higherdimensional case. 

The Kerr metric can be interpreted as a dynamic generalization of the Schwarzschild metric. As 
such, it is a good model for the gravitational field of a rotating central-symmetric mass distribution. 
The Kerr metric helps thus realizing how spacetime changes due to rotation of mass. This is an 
interesting fact, because in the Newtonian view of the world there is no distiction of rotating and 
non-rotating mass distributions. 

In Boyer-Lindquist coordinates (i, r, i?, Lp) (spherical coordinates) the Kerr metric is of the shape 

gx = -dt ®dt^ — [dt - a sin^ Mip) + -^dr ® dr + p^dd ® d + [r^ + a?') sin^ ddip ® ip. 

The functions p and are declared in the following way: 

= + cos^ -d, 

Ak = r^-2mr + a'^. 

The parameter m can again be interpreted as mass of the gravitating object and again we assume 
m > to avoid naked singularities. Other than the Schwarzschild metric, the Kerr metric is 
described by a second parameter, a, which can be interpreted as angular momentum per mass 
unit. Setting a = one obtains the Schwarschild metric. Analogously to the theorem of Birkhoff, 
one can show that the Kerr metric is the unique stationary and axial symmetric solution to the 
vacuum equation |Heu96j . We will see that, in contrary to spherical symmetry, this feature is no 
longer valid for higher dimensional axial symmetric solutions. 

Depending on the parameter m and a, one distinguishes three different classes of the Kerr 
spacetime: 

< < rr? slowly rotating Kerr spacetime 
c? = extreme Kerr spacetime 

< fast rotating Kerr spacetime. 

At p^ = 0, Ak — the Kerr metric is not defined, but it can be shown that the latter 
is a coordinate singularity. Similar to the Tangherlini case, we call the connected components 
of the point set {A^ = 0} horizons, wherefore the function Ak is again called horizon function. 
Analyzing the horizon function, one can see that every class possesses a different horizon-structure, 
for it holds A^f (r) = <^ r = 7-± := m ± \/m'^ — . In the 

• slowly rotating Kerr spacetime Ak has two positive roots. 

• extreme Kerr spacetime r = m is a double root of Ak ■ 

• fast rotating Kerr spacetime Ak possesses no real roots. 

Other than in the Schwarzschild case, the point set {t, r — 0,{}, ip} only consists of singularities 
if 1? = ^, because = <^ (r = und cos'd = 0). We denote this singularity by E. We can 
conclude that S = M.{t) x where is the equator of the sphere at r = 0. For this reason, S is 
called ring singularity. One can show |0'N95| that this is a curvature singularity. Taking ^ out of 
the domainon 'd, we can assume r G M. 

In this article, we only want to consider the slowly rotating Kerr spacetime. The other two 
types are contained as special cases. It is practical, to divide the set x S'^ — E into so called 
Boyer-Lindquist blocks I, II and III, which are defined in the following way by the value of r: 

I : r > r+ 
II : r_ < r < T-i- 
III : 7' < r_ 
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A further interesting aspect is the causahty structure of the coordinate vectorfields on the Boyer- 
Lindquist blocks, which will be briefly summarized in the following. Because of > and > 
on I and III, but Aa' < on II, it holds (compare figure 

• dr is spacelike on I and III, timelike on II. 

• is spacelike everywhere. 

• ^^p is spacelike, if r > that means in any case on the blocks I and II, but also if r ^ — 1. 
Because then + > ^^^^ ^ . That means dip is spacelike only in some (negative) 
distance to the ringsingularity. 

• dt is spacelike on II, because > <J=> cos^ 6 < 2mr — r^, which is fullfllled on the open 
interval (r_,r+), because of 2mr — r^([r_,r+]) = (a^,m^]. Likeweise one realizes that dt 
is timelike for r > 2m and r < 0. 

For r big enough that is r > 2rn, then the Boyer-Lindquist coordinates can be classically interpreted 
as time, distance from the rotating object, latitude and longitude. On block II however, dt and dr 
exchange their role, for dr now measures temporal and dt measures spatial distances, analogous to 
the situation in the interior of the Schwarzschild sphere. On block III for r <C — 1 the coordinates 
behave classically again, with the difference that now — r measures the distance to the rotating 
massdistribution. While d^ and dr have constant causal character on each block, d^p and dt don't 
behave that clearly arranged. Those regions in the blocks I and II, on which dt is spacelike, are in 
each case called ergosphere. In these regions interesting physical effects can be observed, which we 
won't deepen here. 



5t 



5r 



5cp 



V 



r=0 r. m r+ 2m 

III II I 

Figure 3. The causal behaviour of the coordinate vectorfields at a glance. A 
yellow bar indicates timelike, a blue bar spacelike behaviour. 



4.2. The Myers-Perry metric. The first property of higher dimensional axial symmetry is that 
there is no unique stationary solution like we have seen in the fourdimensional case. As an example 
of an axial symmetric solution we want to consider the Myers-Perry metric, which can be seen 
as a direct generalization of the Kerr metric. Other than the spherical symmetry, which is very 
restrictive and thus doesn't admit qualitatively new solutions in higher dimensions, we will discover 
a highly dimension-dependend behaviour of the Myers-Perry metric. Essential influence on the 
metric of a d+1 dimensional axial symmetric spacetime comes from the [|J possible rotationplanes, 
to each one can associate an angular momentum J^. To make the qualitative behaviour of the 
solution more understandible, we proceed like jMP86] and perform the generalization in two steps 
and begin with rotation in just one plane. 
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4.2.1. Rotation in one plane. Considering rotation in just one plane, the Myers-Perry metric is of 
the shape 

2 

gj^jp^ = ~dt (^dt+ —Ar^(dt - a sin^ dtp)'^ + — ^ — dr dr + pdd (g) d-d 
+ (r^ + a^) sin^ -ddip^ + cos^ ^^ffs^-a , 
where the functions p and Ampi are declared analogous to the Kerr metric as 

2 2i22aA 2,2 A* 

p =r +a COS -ff, AMPi=r +a ~ ^^jzi- 

Comparison with the far field gives the integration constants p and a as mass-parameter and 
angular momentum per mass unit respectively, 

Airm J{d - 1) 

~ (d- l)nd-i ' °~ 2^ ' 

We will again assume p to be positive. One realizes at once that for d — 3 one obtains the Kerr 
metric. "Stopping" rotation, i.e. setting a = 0, it yields the Tangherlini metric. 

gMPi is singular on the sets {Ampi = 0} and {r'^~'^p^ = 0}. Because the first set is a purely 
coordinate singularity, we again call Ampi the horizon function. Section r4.3l will give a comparison 
of the different horizon functions that appear in this article. In contrary to that, the second set 
is a curvature singularity |MP86) . To study the structure of the singularities, it is convenient to 
distinguish between c? = 3, d = 4 and d > 5 (compare table [ij. Wc have already studied the case 
c? = 3 in the previous section. 

If c? = 4, the requirement of the set {r'^~'^p^ = 0} reduces to = and gives a ringsingularity 
at r = similar to the Kerr case. Because of this, r is again defined on M. The equation 
Ampi — r^ + — p = can be solved easily by r = p ~ a'^ and there exist thus two horizons, 
if p. Obviously, real solutions only exist for values of a^, which are smaller than p. In the 
extreme case = p the ringsingularity lies within the horizon. Is the value of > p, then there 
is a naked singularity present. For a horizon to exist, the angular momentum is thus not allowed 
to take an arbitrary high value. 

If d > 5, the metric is singular at all points, whose r-coordinate is zero. This corresponds 
to a (in time moving) (d — l)-sphere. To get the position of the horizons, an equation of the 
form + — ^ = for a fc > is to be solved, wich is equivalent to r^"*"*^ + a^r^ — p. This 
equation has a unique solution for r > 0, for the function on the left hand side is continuous and 
monotoneously increasing and it has the value zero for r = 0. In particular, the existence of a 
solution is independent of the value of a; therefore there are also horizons for arbitrary large a 
(which is different from the spatial dimensions 3 and 4). 

It appears that the dimensions d + 1 = 4 and d + 1 = 5 are somehow special in the Myers- Perry 
spacetime. But as we will realize in the next subsection, this feature just reflects the number of 
rotation planes. For d > 5, one rotation plane is too little to cause interesting behaviour of the 
black hole. 





Number of horizons 


Restriction 


Type of the cur- 


Domain 






to angular 


vature singular- 


of r 






momentum 


ity 




d = 3 


1 — 2, for 7' = m ± V 771-^ — 


a" < \p^ 


Ring singularity 


r e R 


d = 4 


1 — 2, for r = ±-\/ p — 


< p 


Ring singularity 


r € R 


d > 5 


1, for r"^^^ + a^r'' = p 


a e R 


Point singularity 


r € R+ 



Table 1. Tabular overview of the characteristics of the different dimensions in 
the Myers-Perry metric. 
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It is also interesting to look at the causal character of the coordinate vectorfields, which is what 
we want to do now (compare also figures H] and [SJ . For this let d > 3. 
First we analyze dr- It holds 

2 

(4.1) grr = -r^^O^AMPi=r^ + a'--^^0. 

Ampi r'^ ^ 

For ff = 4 this condition is fuUfilled, iff ^ ii — a^. Outside the horizons, i.e. for r > \J yu — 
and r < — -^//i — a^, dr is thus spacelike, within the horizons, dr is timelike. 

Because for d > 4 the r-component is positive, (1) is equivalent to r^^'^ + gt'^ ^ fi, ii k — d — A. 
For d > 4 the causal behaviour of dr is thus analogue to that for d = A. 

Consider now d^. It holds 

/ 2 2 sin^ ■ 2 n 

g^^ = [r^ + a' + ^^^,4^2 j ^ > 

for all values of r, d and d. This means that d^ is always spacelike. 
Next we consider dt- It holds 

because for d^ A always r > 0. For d = 4 the requirement reduces to /i — cos^ -d. dt is thus 
timelike if r > — a? cos^ i9 or if r < — -^//i — cos^ that means in any case for r > ^JJi and 
r < — 9t is spacelike, if r < ^ [i — cos^ ?9 and r > 0, or ?■ > — — cos^ i9 and r < that 
means in any case for r e (— ^^/i — a^, 0) and r e (0, \J ~ a^). In the areas \J — a?- < r < ^JJi 
and —^/JL < r < — -^//i — the causal character of 9t depends on i9, similar to the ergosphere in 
the Kerr spacetime. 

For d > 4 there exists a number A: > 0, such that above condition can be refomulated as 
fi ^ (r^ + cos^ •&) . For values of r, for which /i > r'^+'' + a^r*^ holds, i.e. within the horizon, 
dt is spacelike. For values of r, for which /j, < r^+'^ holds, (9t is timelike. Within the area r^"*"*^ < 
H < r"^^^ + a?r^ the causal character again depends on the angle d. 

The remaining coordinate vector fields are spacelike everywhere. 



5r 
5(p 



Figure 4. The causal behaviour of the coordinate vector fields of the fourdimen- 
sional Myers-Perry metric. A yellow bar indicates timelike, a blue bar indicates 
spacelike behaviour. Here, A — und B := ^JJi. 

4.2.2. The general Myers-Perry metric. In 1986 Myers and Perry found in jMP86| a class of space- 
times which admits rotations in any N — [|J independent rotationplanes (d -I- 1 is again the di- 
mension of the spacetime). It is not very surprising that within this class there is a distinction 
between odd and even dimension number d. We will start looking at the Myers-Perry metric in its 
full generality and then treat the special case d -I- 1 = 5 with N = 2 independent rotation planes. 

We will first introduce polar coordinates for every rotation plane: For {xo,Xi},i — 1, ...,d, the 
cartesian coordinates of the spacetime, the rotation planes are given by (a;2a-i, 2^20) = {r 
for a = 1, ...A^. Is + 1 an odd number, we denote the residual coordinate with a. Furthermore 
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dtp 



Figure 5. The causal behaviour of the coordinate vector fields of the Myers-Perry 
metric for d > 5. A yellow bar indicates timelike, a blue bar indicates spacelike 
behaviour. Here, ^ = rj^*^ + a'^r'l and r2 '■— '^+^/Jl- 

let r :— X]f=i a-nd we define = a,s new coordinate function. It then holds either 

J2a=il^a = 1 o^' J2a=il^a + = 1- Thc Coordinate /^^ is not to be confused with the mass- 
parameter /i. 

For d + 1 odd, the general Myers-Perry metric is 

gl^P = -dt (g) dt 

V (r^ -f a\){d[ii (g> d^ii + ^ifdipi (g) dtpi) + ^{dt - a,iifd(fi,f + -dr ® dr 

^--^ \ Hi* 11 — /ir-^ 

for c? + 1 even, the corresponding metric is 

9%ip = ^'^^ ® dt + r^da ® da 



N 

E 

i=l 



Ijr HF 

(r^ -I- af)(diii (g) d^i + fifdipt g) d(pi) + ——(dt — a^^fdip^y + — dr dr 

il_f 11 — fir 



In both formulas the functions F — F(r,fii) and 11 = II(r) are defined in the following way: 

r^ + 

The integration constants fj, > and can again be associated with the mass of the rotating 
object and the particular angular momentum respectively. Note additionally that dr und d/ii 
aren't linearly independent, because fii = The both first terms of the big sum describe the 
behaviour of the metric on the rotation planes. Because of the fact that the function 11 is in 
the denominator of the second term, it seems, as if the metric restricted on one rotationplane is 
not independent of the rotational behaviour on the other planes. Thc roots of thc last term are 
coordinate singularities |MP86] , and for them we again want to bring up the name " horizons" . 

The vector fields dt and d^p^ are Killingficlds, which means that the Myers-Perry solutions 
are invariant under timetranslations and under rotations along the integral curves of These 
symmetries build an isometry group isomorphic to K x U(l)^. Reducing the rotations to just one 
plane, we see that gMPi possesses an Mx U(l) x S0{d — 2) symmetry. For further discussions about 
the symmetries of the Myers-Perry metric, see |ER08) . One can show |MP86| that one obtains the 
Kerr metric setting d = 3. Is = for all i except for one, one can find appropriate coordinate 
transformations, such that the general solution gMP reduces to qmpi- 



4.2.3. Horizons in Myers-Perry spacetime. In the above coordinates the components of the Myers 



Perry metric are singular exactly for those values of r for which = oo, or = oo and 



Yi_^^'2 — oo, or jjzr^ =^ oo. Thc first of each case are exactly the curvature singularities, which 
will not be discussed here. For further information on that aspect see [MP86| . In this subsection 
we want to study the horizons of the Myers-Perry spacetime, which are again given by the roots 
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of the denominator of the rr-componcnts of the metric that means by the equation 

Al,p :=n-^r2 =0, 
if d is even. We won't consider the case where d is odd. 

Because 11 — HfLii^'^ + the left hand side of the above equation is a polynomial of degree d 
in r and it is therefore not solvable with the help of a general formula. The question is now which 
conditions have to be fullfilled by the of to admit a horizon. A first general statement comes from 
the following lemma. Henceforth let Xi := a^. 

Lemma 2. There exists no value of r for which every value of of admits a horizon. 

Proof. Let Si € R[Xi, ...,Xn] denote the elementary symmetric polynomials in Xi, ...,Xn. Then 
we have 

N 

n-/ir2 = [](r2+X,)-/zr2=r2^+r2(^-i)(Xi + ...+X^) 

»=1 =:Si 

j^r^(N -2)^ X^X2 + XiXs + ... + Xn^iXn ) + ... + Xi- XN -^ir^ 

= :S2 =-Sn 

= r'^ + r^^^-D^i + r2(^-2)52 + ... + Sj, - fir^ 

Defining g r^^ + r^^^-'^'^Yi + r^<-'^-^'^Y2 + ... + Yjv - fir^ G {R[Yi, ...,Yn]) [fi,r], it holds 
g{Si, Sn) = n — fir^. Assuming there is a (r, ^) g such that 11 — /.tr^ = 0, then it would be 
g{Si, Sn) = 0. This cannot be, because the elementary symmetric polynomials are algebraically 
independent over M. □ 

This statement doesn't seem to be very surprising, especially as we could make the same state- 
ment for all the other spacetimes we discussed before with more elementary calculations. Never- 
theless, there are examples for polynomials which are algebraically independent, or equivalently 
for general polynomial expressions that become the zero polynomial after choosing the coefficients 
appropriately. A simple example is p{X) = aX — a'^X. Choosing a = 1 yields p{X) = 0. 

Whether there exists a horizon at r = tq thus depends on the choice of the a^. For the sake of 
simplification, we want to analyze this dependence only for the case d = 4. It then holds 

Amp = r^ + r^iXi + X2 - /i) + 

which is a quadratic polynomial in r^ and is therefore easily solvable: The zeros are 

2r2 2 ^ /i - Xi - ± - ^1 - X2Y - 4X1X2. 

For these solutions to be real that means for horizons being possible, the condition 

/X > a\ + al+2\aia2\ = (|ai| + \a2\f 

has to be fullfilled. The allowed values for the angular momenta are thus bounded and lie within a 
rhombus (compare Figure[6]). Is this condition fullfilled, two horizons exist because of ^—Xi—X2 > 
^/ (fi — Xi — X2Y — 4X1X2, for positive Xi and X2. If there is no rotation in one plane that means, 
if Xi = for one i, one obtains the zeros of Ampi- 

The following lemma makes a geometric statement about the dependence of the zeroes on the 
X,. 

Lemma 3. The set of all (Xi, A2) G M."^ wich satisfy the equation A = (r^ +Xi)(r^ +X2) — /xr^ = 
for a given fi,r £ S, \ {0}, form a hyperbola. For r — or p — 0, this set forms an intersecting 
pair of straight lines. 

Remark 6. In conrary to a rhombus, hyperbolas are unbounded. This unboundedness originates 
from the fact that we also admitted negative values of Xi = a| in the lemma. 
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32 




Figure 6. Sketch of the phase space of a fivedimensional rotating Myers-Perry 
black hole. 



Proof. 

(r2+Xi)(r2+X2) 



r'^{Xi + X2) + X1X2 + r2(r2 - ^) 



We will now bring this quadric into normal form. 

Step One: Determination of the eigenvalues and the corresponding eigenspaces. 
det{A - Xld) = A2 - i = ^ A = ±i. 
{A - = 0^X e {{Xi, X2) e : Xi= X2}. 

{A+lld)X = 0<^X G {{Xi,X2) e : Xi = -X2}. 
The eigenspaces to the both eigenvalues A = ± 5 of A are therewith 



EiQA 

EigA ( - 



= span 



a/2 ^1 



With the help of the both stated eigenvectors, one obtains the matrix for the change of the basis 

B = 




Step Two: Transform.ation of the quadric with respect to the new basis. 
In the new basis, A has the form 

With this in the new basis, the quadric has the form 



= (^1 1 







+ W2r^ 0) 



\Y^-\Yi + V2r^Y,+r\r^-t,). 



Step Three: Translation of the origin. 
We finally perform the substitution 



Y2 
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and obtain for the quadric the equation 

from which the statement follows. □ 



Remark 7. For the previously discussed metrics we excluded negative values for the mass pa- 
rameter, because otherwise the spacetimes would have had naked curvature singularities, which we 
wanted to exclude because of the cosmic censorship hypothesis. This hypothesis says that no naked 
singularities exisct, except for the bigbang singularity. But surprisingly in the case of two rotation 
planes in fivedimensional Myers-Perry spacetime, there exist horizons at r > for negative values 
of n. 

Corollary 1. Using the form of the horizon function of the previous proof, one gains a more 
elegant formula for the roots: 



1 



r = ±^^ Z?-Z^ 



In particular, the condition Z\ > Z\ is necessary for the existence of a horizon at r ^ 0. 

Remark 8. Choosing /x to be negative in the previous corollary, a real solution is produced by 
extracting the factor \/^ out of \/ Z\ — Z\ and demanding Z2> Z^. 

4.3. Discussion of the horizon functions. To every treated metric we could associate a horizon 

function A, which defined a hypcrsurface with special features. This subsection is dedicated to 
the comparison of these important functions. As a reminder and for the sake of an overview, we 
will first list all the horizon functions we met in this article. We will further on denote the horizon 
function with a A, but put an index for the respective metric: 

. 2m 

As =1 

r 

At =1-3^ 



/S.K = — 2mr + 

2 I „2 A* 



„d-4 



Ampi = r + a 

N=d/2 

^MP = n {r^+aD-nr^ 

N=(d-l)/2 

^"mp = n ir' + aj)-l^r 

Ajvfpi is an obvious generalization of At, which on the other hand contains Ag as special case. 

Furthermore is A^^p a generalization of the horizon function of the Kerr metric. Is with this the 
connection between these functions exhausted? To answer this question, let once again be pointed 
out that the essential information isn't the function itself, but its set of roots. Now, a function 
is not given uniquely by its set of roots. For example possesses the product of a function / with 
another function which is everywhere nonzero, the same set of roots as / does. We want to call two 
functions which only differ from such a nonvanishing function similar and use the symbol ~ for 
that. For r 7^ is therefore A « r'^A for all fc > 0. To not change the rr-component of the metric, 
one can simply multiply the denominator with the same power of r. In this way the following 
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similarities result: 



Aa — 2mr 



At ^r'^ ^ - ^ir r'^ - /ir^ 

Ak ^r"^ - 2mr 

Ampi ~ r^-' + r''-^a^ - A^r^ « r"^ + r'^-^a^ - ^r^ 

N=d/2 

Amp = n ir'+a!)-^^r' 

i=l 
N=(d-l)/2 

Kip = n 

1=1 

Now it is possible to see more clearly the relationship between the different horizon functions. For 
At and Ampi two similarities are given to point out the relationship to A\jp as well as to A^jp. 

We also want to discuss the role of a or the a^. Setting a — Q, then Ak becomes As and Ampi 
becomes A^- Setting further in A^^p a,; = for every i but one, without loss of generality let 
Oi ^ 0, then 

AX,p = r^'^''-^\r^+al)-^lr^=r^-\r^+al)-^ir^ 
= / + /-2a?-Mr^=AMPi. 

An analogous calculation can be done for A^p. Comparing Ampi with A^p or A^p, one realizes 
that for every additional rotationplane a factor of Ampi is "converted" into + af • In A^^p 
and A'^p we thus found two functions, in which every other horizon function is contained. 

By the insight, how the horizon functions are related and with Lemma[3]we can now understand 
better the dependence of the existence of a horizon for a given r and from the choice of the angular 
momenta. Lemma |3] namely says that for given r and /x there are infinitely many possibilities to 
choose such ai and 02 which allow the existence of an horizon. This wasn't the case for metrics 
which considered only rotation in one plane. There, always two possibilities existed: 

• a = -ii^Jw? — {r — m)^ in Kerr spacetime and 

• a = ±^/i — in fivedimensional Myers- Perry spacetime with only one rotation plane. 
Setting one parameter of a hyperbola equal to zero, the remaining parameter has only two possi- 
bilities left. 

Finally let us point out the remarkable fact be pointed out that the horizon functions are similar 
to polynomials in r, or simply are polynomials, what maybe wasn't to be expected. 
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Appendix: Ricci-flatness of the Tangherlini metric 

In this appendix we want to show that the Tangherhni metric is indeed Ricci-flat, as to the 
authors knowledge a proof of that fact stiU cannot be found in the hterature. In addition, in this 
proof we win use the statement of Lemma |4] which is also supposed to be a new result. 

To show that a metric fulfills the vacuum Einstein equations, it suffices to show that it is Ricci- 
flat. For this purpose we use the Cartan structure formalism. Therefor we define an orthonormal 
basis of 1-forms {6'} I — 0, d by 



= , ^ „ dr 



-p- 



= r dx2 
e' = rj|sinxsrfxj, 

s=2 

where the {xi] again denote the generalized spherical coordinates and i = 3, d. We recall that for 
the connection forms with respect to orthonormal bases the symmetry relations = Wg, = — 
hold. In particular it holds = 0. With the help of these relations and the first structure equation 
dO"^ + oj^. A B'^ = the connection forms are able to be uniquely determined. For this purpose we 
firstly calculate the total differential of the above 1-forms: 

rfe" = (-^-^ . ' drAdt^^'-/Y . ' e^A9" 
de^ = 



i-1 i-1 / i-1 

dQ' = Y\_ dr A dxi + cos Xk Y\. ^ "^^^ 

s=2 k=2 \ s=2,s^k 



i-1 / k-1 



r — ' \ sm Ys 

k=2 \ s=2 -^'^ 



For i > 2. For the empty product we set rifc=2 sln'xfc '~ ^' 

After comparison to the first structure equation the connection forms which are different from 
zero yield 



_ , ,1 _ (d-2)/i 1 



_ d-2 

2 1 1 /i M ^2 



r 



_ I _ cot XI 

LOi - ~UJ^ — 



l-l 

^ ^ sm Xs 



s=2 



where 2 < I < i — 1 und i > 2. With the usage of the second structure equation dcj* -I- A wj^ = fi^- 
one now can calculate the curvature forms For this we first calculate total differentials of the 
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connection forms: 



M _ 

2 

s=2 



Jjsinxs drAdxi + \ k i=I X! cotxfe JJsinXs dxk^dxi 



V ^ s=2 ' fc=2 \ 



s=2 



dw[ = I cosxi Jl sinxs dxi j 
V s=i+l / 

i— 1 i—1 i—1 

= - n ^^"^ '^^^ A rfxi + X] n ^» ^^'^ ^ 

s=l k=l-\-l s=l 

- i-1 - - l-l - «-l / fc-1 . 



s=2 s=2 fc=i+l \ s'=2 



Where again holds i > j. We now plug in the found expressions into the second structure equation. 
The curvature forms which are different from zero then yield as follows. Thereby is i, A: > 1, j > 2, 
I > j and the relations fl? = Og ^^'^ — hold. 



ni = cL;l+u;iAu;l = d^l = -^^^^£ 



1 / / '''""^ 1 

+^f-^E['otxkYi — 



A eM = — a 

sm Xs I 

Q', = da;|+c.^A,^ = le^Ae^-lcotX2Ehotx.n-^^Q'^0O 



- ^ (i - ^^2 ) A + 1 cot X2 E xk n -J- ©'^ A 

fe=3 \ s=2 ' / 

A A e^' 
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j-1 l-l 

k=2 k=j+l 
1 1 1 1 / 1 \ 

yd 

For the calculation of the ffj the following Lemma was used: 
Lemma 4. 

71—1 -. n—1/ k — 1 ^ \ 

Proof. We perform an induktion with respect to n. At first we consider the case n=3: 
2^2/ ^ 1 \ 1 1 

n — E n ~ — = ~ — ^2 = — (1 - cos^ X2) = 1 

s=2 Xs V s=2 ^^'^ ^« / ^^'^ X2 Sin X2 

Does the statement of the Lemma hold for n — 1 > 2, then it also holds for n: 

n-l ^ n-l / fe-l \ n-l ^ / ri-1 / n-1 \ ^ 

n - E -t'x. n = n 1 - e -^^x. n --'x. 

n-l / n-2 / n-l \ \ 

= TT — 1 - cos^ Xn-1 - V cot^ Xk n sin^ Xs 

n-2 / n-2 / n-l \ \ n-2 ^ n-2 / fe-l ^ 

= n 1 - E -t'xfe n --'x. = n -4 — e -^'x. n 

= 1. 



□ 



To now calculate the components of the Ricci-tensor, R/j,^, we now use the relation R^^, = 
fl"{ea, e^), where {ci} is the basis dual to {©'}, i = 0, d. Because of ^ O** A O" it follows 
fl"{ea,e,y) = for /i ^ v. This is why i?^^ = for 7^ i/. We calculate the value of the remaining 
components. For this let be j > 2: 
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(d-l)(d-2)^ , ^ {d-l)fi 
^00 +2^ 2r^ ~" 

i=2 



(rf-l)(d-2V ^ (rf-2)M 

- 2^ 2r'' = ° 

j=2 

^ ^ {d-2)n {d-2)fi u ^ _^ 

33 2fd j-d / J j,d 

Thus, the Tangherhni metric is Ricci-flat. 
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